We investigate if a sharp topological transition in a metal with a large Fermi surface may be detected in transport measurements. In particular, we address if a (skew) scattering by elastic disorder in the bulk of such a metal masks signatures of the topological transition. We conclude that certain transport coefficients exhibit discontinuous changes across the transition. These discontinuities are not smeared or dwarfed by the bulk metallic transport in a broad range of parameters.
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I. INTRODUCTION
Discovery of topological insulators and semimetals [1] [2] [3] [4] [5] emphasized a fundamental fact that states of matter may be distinguished by topological indexes. The existence of topological indexes relies on symmetries of the system, rather than a specific Hamiltonian [5] [6] [7] [8] [9] [10] . States with different indexes are separated by topological phase transitions, which are often associated with sharp quantized changes of transport coefficients (Hall conductance in integer quantum Hall effect 11 is the oldest example). Topological transitions are often associated with gapped phases, such as insulators or superconductors. Recent studies of Weyl semimetals [12] [13] [14] [15] [16] have extended this notion to gapless states, if the chemical potential is tuned to a nodal Weyl (or Dirac) point 17, 18 . For example in Weyl semimetals with mirror symmetry the Hall conductance exhibits a discontinuous quantized change 19, 20 .
In the present work we investigate if sharp topological transitions may be detected in genuine metals with large Fermi surfaces and a finite density of bulk delocalized states. One may reason that the edge states, even if they coexist with the bulk, provide a negligible contribution to transport coefficients in the thermodynamic limit. Moreover, if elastic scattering is present it mixes between the edge and the bulk, further degrading any topological signatures. Here we show that these arguments are too simplistic. We conclude that sharp, but non-quantized, discontinuities in transport coefficients persist into the genuine metallic state. Their magnitude is finite and may be comparable with (or even larger than) bulk contributions in the thermodynamic limit. These properties has to be protected by a certain symmetry. We thus refer to them as symmetry protected topological (SPT) metals. If disorder does not break the corresponding symmetry, the transport anomalies are robust to its presence.
To make these points we consider a specific model of SPT metal with the particle-hole symmetry, introduced in Ref. [21] . The model is based on 2D p + ip superconductor, which is deformed by an applied flux or a super current. As the super current (hereafter denoted as Q) is increased the band structure, Fig. 1(a-d) , undergoes two transitions. First at Q = Q L , there is a Lifshitz transition from a topological superconductor to the topological metal state. The latter is characterized by two metallic bands with the Fermi surfaces shown in Fig. 1(e) . Notice also the two edge states, propagating in the same direction, coexisting with the metallic bands, Fig. 1(b) . Then at Q = Q T , there is the topological transition between the topological and the ordinary metal states. Anomalous thermal Hall conductance exhibits a non-quantized discontinuity 21 at Q = Q T .
In the present paper we investigate thermal transport in this model in the presence of elastic disorder, which preserves the particle-hole symmetry. The schematic setup is indicated in Fig. 2 . It assumes an applied thermal gradient, ∇ y T = (T 2 − T 1 )/L y in the y-direction. We then evaluate linear response thermal current both in y and x-directions, which determine longitudinal, κ yy , and Hall, κ xy , thermal conductances. (Actually, the dis-
Schematic system setup. The edge states are in a local equilibrium with the heat reservoirs at temperatures T1 and T2. The temperature gradient is established in the bulk of the system, leading to the quasiparticles drift. The anisotropic (skew) scattering on impurities (blue dots) leads to a heat current in x-direction. Notice that in the metallic phase both edges propagate in the same direction, cf. Fig. 1b .
continuity in κ xy should be understood in a scaling limit when T 1 and T 2 go to zero.) The latter is, in general, non-zero, because the time-reversal invariance is broken in two ways: (i) the choice of chirality of p + ip order parameter and (ii) the applied super current Q.
Our treatment of the thermal Hall conductance of SPT metals shares some resemblance to the discussion of the anomalous Hall effect (AHE) in ferromagnetic metals 22, 23 . It was pioneered by Karplus and Luttinger 24 who showed that a specific structure of Bloch wave functions gives rise to an anomalous Hall conductivity, which is known as the intrinsic contribution. Soon after, Smit 25, 26 pointed out that impurities should play an important role in AHE through anisotropic scattering, which was called a skew scattering. Subsequently systematic diagrammatic calculations [27] [28] [29] [30] [31] were developed to include both intrinsic and impurity scattering contribution to the AHE. It was shown that certain diagrams, e.g. 'Mercedes star' diagram [27] [28] [29] [30] or 'X' and 'Ψ' diagrams 30, 31 , containing higher order terms in Born series must be included to see the effect of skew scattering.
Alternatively, one can take a kinetic approach based on semiclassical Boltzmann transport equation 27, 32 , which is equivalent to diagrammatic resummation and typically is more intuitive. In such kinetic approach, the nature of the Bloch waves is taken into account by the so-called anomalous velocity in the semiclassical equation of motion for a Bloch electron 33 :
Here, the Bloch electron is subject to an external force F = −∇ r U (r) and v The impurity scattering can be described by the semiclassical Boltzmann equation with a proper collision integral. It's important that all orders in Born series for impurity scattering are taken into account by the Lippmann-Schwinger equation 27, 32, 34 . In the linear response one can solve the Boltzmann equation to find a stationary distribution function: n p = n 0 ( p ) + δn p , where n 0 ( p ) is the equilibrium distribution function and δn p ∝ F is the deviation from equilibrium due to the external force. Finally the current is given by:
where in the linear response j int = dp v A p n 0 ( p ) and j scatt = dp v G p δn p . Notice that since the anomalous velocity is already proportional to the external force, the intrinsic contribution relies only on the equilibrium distribution n 0 . This scheme refers to the electric current, rather than the thermal one. To access the latter the WiedemannFranz law may be employed for noninteracting system as shown by Qin, Niu and Shi 35 based on Luttinger's theory on thermal transport 36 . Here we employ a kinetic theory of the thermal transport in p + ip superconductors recently developed by Li, Andreev and Spivak 34 . These authors were interested in transport of thermally excited quasiparticles in the gapped phase. We adopt their theory to the case of the deformed p + ip model, where the two Fermi surfaces are present.
The structure of the paper is as follows: Section II introduces the model of SPT metal and discusses the intrinsic contribution to the thermal Hall conductance. Section III establishes the appropriate kinetic Boltzmann equation for impurity scattering of quasiparticles occupying particle-like and hole-like conduction bands. Section IV is devoted to a systematic evaluation of the impurity scattering rates. Finally, Section V presents our results and discussion of the topological signatures in the transport coefficients. Some technical details are presented in two Appendices.
II. MODEL OF SPT METAL
We consider a model of SPT metal 21 , based on 2-D p + ip superconductor deformed by an applied supercurrent. It is described by the Bogoliubov-de Gennes (BdG) Hamiltonian:
where
is electron dispersion close to the bottom of a band and µ is the chemical potential. The dispersion relation is deformed by the applied flux (or the supercurrent) assumed to be in the x-direction and denoted as Q. Notice that it enters the BdG Hamiltonian as a canonical substitution p x → p x + Q 2 σ z , where σ z is the Pauli matrix in the particle-hole space.
The off-diagonal part of Eq. (3) is the p-wave superconducting gap function. In the continuous limit, adopted here, it is given by
where ∆ is p-wave paring amplitude (notice that ∆ has a dimensionality of velocity). Throughout the paper we assume that the superconductivity is proximity induced and thus do not try to establish a value of ∆ through a self-consistency relation. We also do not discuss a possible suppression of ∆ by disorder. It is instructive to rewrite the Hamiltonian (3) in the matrix notations:
where σ is a vector of the Pauli matrices in the particlehole space. This Hamiltonian has two quasiparticle bands, Fig. 1 , with the energies:
. Hereafter s(s ) is the label for the quasiparticle bands and takes the values of ±. The corresponding quasiparticle wavefunctions (Nambu spinors) are independent on d 0 (p) and may be expressed through d(p) as
The two critical points, see Fig. 1 , may be determined from the dispersion relation (7). The two Fermi surfaces form at the Lifshitz transition Q L = 4m∆, when zero energy solution (s) p = 0 first appear. The topological phase transition takes place at Q T = 2k F = 2 √ 2mµ, when the two bands touch at p = 0, because |d(0)| = 0.
The Hamiltonian, Eq. (3), possesses the particle-hole symmetry, which is expressed as
where the particle-hole symmetry operator is defined as P = σ x K, where K is complex conjugation operator. We study thermal Hall conductance of the system described by the Hamiltonian (3) in the geometry indicated in Fig. 2 . The thermal gradient ∇ y T is applied in the y direction, while the supercurrent Q flows in the x-direction. In the linear response the heat current is given by j heat x = κ xy ∇ y T , where κ xy is the thermal Hall conductance. It has two contributions: the intrinsic one due to the edge states and the impurity one due to the skew-scattering.
According to the Kubo-Stȓeda formula 37 , the intrinsic (anomalous) thermal Hall conductance (in unit of κ Q = πk 2 B 12 T ) is given by the integrated Berry curvature:
where the momentum integration runs over the Brillouin zone (BZ) of a proper lattice model 21 . In the superconducting phase Q < Q L the intrinsic conductance is quantized κ int xy = κ Q , Fig. 3 . In the topological metal phase, Q L < Q < Q T , the quantization is broken by the fact that the Fermi surfaces need to be exempt from the BZ summation (at small temperature). At the topological phase transition Q ≥ Q T the intrinsic Hall conductivity discontinuously jumps to zero. The discontinuity in the Hall conductance is a consequence of (and is protected by) the particle-hole symmetry, Eq. (9). These statements have a natural geometric interpretation in terms of the flux of the Berry monopole, as explained in Ref. [21] .
We turn now to the contribution to the thermal Hall conductance due to the skew-scattering of bulk quasiparticles on an elastic disorder.
III. KINETIC EQUATION
We move now to investigate transport properties of the model in presence of an elastic disorder. We postpone the microscopic description of the latter until Section IV. Here we develop a semiclassical Boltzmann equation approach for the quasiparticles with the energies and wavefunctions given by Eqs. (7) and (8) correspondingly. The applicability of this approach is limited to a weak disorder, where the longitudinal conductance is much larger than the conductance quantum. At low temperature this is only possible at Q > Q L . In this regime the two Fermi surfaces are present, Fig. 4 , and a weak disorder induces elastic scattering between states close to the Fermi surfaces.
Within each band, labeled as s = ±, the quasiparticle states are assigned a distribution function, n (s) p . The elastic scatting induces intra as well as inter band transitions, Fig. 4 , which enter the Boltzmann equation through the collision integrals (see eg. Ref. [38] ). The coupled Boltzmann equations for the two bands take the form:
where v
p /∂p is quasiparticle velocity. Notice that the anomalous velocity due to Berry curvature 33 is not included here since it gives rise to the intrinsic contribution of Hall conductivity and does not mix with impurity contribution in the limit of linear response.
As indicated in Fig. 4 , the collision integrals involve several scattering processes between quasiparticle states: scattering within each band with scattering rates W . Thus the elastic collision integrals take the form: (12) where the integral is defined as dΓ = d 2 p /(2π ) 2 . In the absence of the time-reversal symmetry the matrix elements are not symmetric (13) and therefore the collision integral does not conform to the detailed balance. As a result, it can't be written in the form W pp n p (1 − n p ) − W p p n p (1 − n p ). Nevertheless the form (12) , linear in the distribution functions, is the correct one and it is this form that follows from the Keldysh formalism 38, 3940 . The collision integral still vanishes at equilibrium, n (s)
p ), where n 0 ( ) is the Fermi function. This is enforced by the unitarity condition 41 :
We now assume that a small temperature gradient is applied in y-direction and look for the deviations of the distribution functions from their equilibrium form:
where n 0 ( ) is the equilibrium Fermi distribution. Since the collision integrals, Eq.(12), are linear in the distribution functions, the linear response approximation reads as
If the scattering rates are known, this equation may be solved for the linear deviations δn (s)
p . The thermal conductivity is found then from calculating the heat current:
where κ xy and κ yy are the thermal Hall and longitudinal thermal conductivity respectively.
IV. SCATTERING RATES
We turn now to the microscopic evaluation of the scattering rates W (ss ) pp . The off-diagonal response, κ xy , is a consequence of the asymmetry in the scattering rate, Eq. (13), which appears in the absence of the timereversal symmetry and is known as the skew scattering mechanism. In our model the time reversal symmetry is already broken by p + ip superconductivity, Eq. (5), and the supercurrent Q further introduces anisotropy to the system. As a result, the detailed balance is violated, which leads to anomalous transport in SPT metal.
We restrict ourselves with the weak point-like impurities with impurity density ρ i . Therefore the scattering rates are given by:
where T (ss ) pp is the scattering amplitudes of an individual impurity between quasiparticle states.
Scattering process should contain all orders in Born series and the Lippmann-Schwinger equation is used to find scattering T -matrixT , which determines scattering amplitudes 32, 34, 39 . Consider a generic Hamiltonian:
whereĤ 0 is the Hamiltonian free of impurities andV is the impurity potential. The scattering T -matrix is formally defined by the Lippmann-Schwinger equation 42 :
whereĜ 0 (iω) = (iω −Ĥ 0 ) −1 is the bare Green's function.
The scattering amplitudes T (ss ) pp
between quasiparticle states could be determined from T -matrix:
where |p, s = ± is the quasiparticle eigenstate. Following Li, Andreev and Spivak 34 we first solve Eq. (20) in the original particle-hole basis and then transform to the quasiparticle basis as:
A remark about notations is due: the labels a(b) = p, h are labeling particle-hole states, while s(s ) = ± are labeling the quasiparticle bands. Thus, the summation indices a, b is over particle-hole states and ψ (s=±) p,a = p, a|p, s = ± are the elements of the quasiparticle wavefunctions, given by Eq. (8). In the particle-hole basis equation (20) takes the form 34 :
where V pp is independent of momenta and is only a function of the frequency iω. Hence Eq. (23) can be rewritten in a compact way as a matrix equation in the particle-hole space 34 :
where the Green function is defined asĜ 0 (iω, k) = (iω −H BdG (k)) −1 . The formal solution for the scattering matrixT (iω) is:
Close to the topological phase transition, |Q − Q T | 8m∆, the summation of the Green function over momenta kĜ 0 (iω, k) may be separated into two parts: |k|<4m∆ and |k|>4m∆ , as indicated in Fig. 4 . The Hamiltonian, Eq. (6), has very different asymptotic behavior in these two regimes. Since we considered small temperatures, only the quasiparticle states near the zero energy are important. Therefore, the quantity of interest here is actually kĜ 0 (iω → 0, k). For small momenta, |k| < 4m∆, the Hamiltonian in Eq. (6) is approximately a tilted massive Dirac Hamiltonian with the mass of (26) with corrections on the order of O(k 2 /m) and O((Q − Q T ) 2 /m). Hence, summation of the Green function over momenta is:
It's clear that the terms with numerator linear in momenta k x and k y vanish upon summation. Hence the result is proportional to the mass term M Q σ z . Performing the integration, as detailed in Appendix A, one finds:
For large momenta |k| > 4m∆, one can neglect the offdiagonal terms in the Hamiltonian (5), leaving two copies of the normal metal decoupled from each other. Therefore, summation of the Green results in the 2D density of states of a metal:
where ν is a density of states at the chemical potential.
Taken together Eqs. (28) and (29) yield:
The scattering matrixT (iω → 0) can be obtained from Eq. (25) 34 :
It's clear that the scattering matrixT is a smooth function of the supercurrent Q around the topological phase transition at Q = Q T . As explained below, the phase δ Q is responsible for the skew scattering. Close to the topological phase transition one finds from Eq. (32):
approximately a constant proportional to the impurity potential V 0 . To find scattering amplitudes between the quasiparticle states one needs to transform the particle-hole matrix (31) to the quasiparticle basis according to Eq. (22):
where the quasiparticle spinors are given by Eq. (8). The scattering rates are defined as W
pp | 2 , where ρ i is impurity density. A straightforward calculation outlined in Appendix B leads to the following structure of the rate matrix: (35) where W 0,(ss ) pp and W 1,(ss ) pp are symmetric with respect to the momenta p ↔ p interchange and θ p and θ p are the polar angles of the corresponding momenta (i.e. exp(iθ p ) = (p x +ip y )/|p|). As can be seen from Eq. (B5), the dependence of the rates on the polar angles comes solely from p+ip superconductivity present in the Hamiltonian (3). This in turn leads to an antisymmetric part of the rate matrix
which is responsible for the off-diagonal thermal conductivity. Once the scattering rates W where N cutoff is a suitably chosen cutoff (typically a few dozens). The absence of the n = 0 term reflects the elastic nature of the scattering, which ensures quasiparticle number conservation at any energy. We solve for the harmonic amplitudes a Figure 5 summaries our results for the impurity contribution to the diagonal and off-diagonal thermal conductivity. They are measured in units of (twice) the thermal conductivity of the normal, ∆ = 0, metal
V. RESULTS AND DISCUSSION
Here D = v Fig. 3 . The topological phase transition takes place at Q T = 2mv F . We present the results for Q > Q L = 4m∆ only, since in the opposite limit the system is a thermal insulator and the quasiparticle contribution is exponentially small.
One notices that properly normalized diagonal conductivity is essentially disorder independent (of course, the unit 2κ is disorder dependent) and approaches its normal metal value above the metallic topological transition. The off-diagonal κ xy exhibits roughly linear dependence on δ Q , which is roughly linear in weak disorder amplitude, V 0 , Eq. (33). This is because the off-diagonal part, originating from the skew scattering, is proportional to the antisymmetric part of the rate matrix, Eq. (36), which in turn ∼ sin 2δ Q .
The off-diagonal conductivity exhibits maximum at the topological phase transition Q = Q T and slowly decays to zero deep into the non-topological phase Q > Q T . It is important to notice that: (i) κ xy is a continuous function of Q through the topological transition and (ii) its magnitude is much less than that of the diagonal κ yy . The latter observation follows from the fact that
p p ]/2 is the symmetric part of the scattering rates and W 0(1) are the coefficients in Eq. (35) . Since we consistently assumed ∆ v F , it follows that κ xy κ yy . This latter fact is extremely important for the possibility to detect the topological transition within the metallic phase. Indeed, the kinetic theory developed here is valid in the weak scattering limit, when normal-state dimensionless conductance is large g = hνD 1. Consequently the diagonal thermal conductivity κ yy ∝ gκ Q κ Q . However the off-diagonal one appears to be of the order κ xy ∝ g(∆/v F ) 2 κ Q . This value may be comparable to (or even smaller than) the thermal conductance quantum κ Q , even in a good metal, g 1. Figure 6 shows the total off-diagonal conductivity, which consist of the skew-scattering contribution, Eq. (39), along with the intrinsic contribution Eq. (10). The parameters are g = 100 and v F /∆ = 4.9. One can see that discontinuity at Q = Q T , present in the intrinsic part, is very much visible in the total result. We thus conclude that the impurity scattering results in a non-monotonic, but continuous contribution to the off-diagonal thermal conductivity, which may be of the same order as the discontinuous intrinsic contribution. As a result, the total κ xy exhibits discontinuous jump at the topological phase transition. The jump takes place despite the presence of the metallic bulk states and bulk disorder, as long as the particle-hole symmetry, Eq. (9), is preserved. These observations confirm that a true topological phase transition may occur and be detected in transport measurements in gapless systems with constant density of states at the Fermi level.
Let us discuss if impurity scattering between the bulk and the edge states may change these conclusions. Notice that these processes are not included in our kinetic approach. Indeed, the intrinsic part knows only about the equilibrium distribution function Eq. (10), which is not affected by the impurity scattering. Formally this is due to the fact that the anomalous velocity v A p =ṗ × Ω(p) is already proportional toṗ ∝ ∇ y T and thus to the linear response accuracy one should take the unperturbed distribution function. Physically it reflects the fact that the edges are in local equilibrium with the adjacent bulk and the heat reservoir. Since the edge states are exponentially confined to the sample's boundaries, Fig. 2 , they can't be affected by the perturbation ∇ y T , which is spread across the bulk. As a result, the impurity scattering between an edge and an adjacent bulk is exactly the same as in equilibrium: it does not affect the occupation of the edge state and does not change the corresponding thermal current. This reasoning breaks down very close to the topological transition, where the edge states spread into the bulk and start to be sensitive to the perturbation ∇ y T . This happens in earnest only for |Q − Q T | 1/L y , leading to smearing of the discontinuity in κ xy at this scale. This is a finite size effect, however, which is not present in the thermodynamic limit L y → ∞.
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The angular integration results in:
where θ(. . . ) is the step function. Its presence puts an additional constraint on the integration over the magnitude of momentum k. To simplify further calculations we focus on the vicinity of the topological phase transition |Q−Q T | 8m∆ and thus Q 2 /4m 2 ≈ v 2 F , while ∆ v F . The above integral thus simplifies down to:
Noticing that the 'mass' M Q = 
